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ABSTRACT 
Engineers, i nc lud ing  naval a r c h i t e c t s ,  begin the design o f  scu lp tured surfaces 
by cons t ruc t i ng  wire-frame curve nets. The boat p i c t u r e d  here f i r s t  took shape on 
a  drawing board. The w i re  frame t h a t  o u t l i n e s  i t s  shape i s  c a l l e d  a  l i n e s  drawing. 
I t  i s  a  c o l l e c t i o n  o f  plane curves drawn w i t h  a  mechanical s p l i n e .  Each curve i s  
drawn t o  f i t  po in t ,d i f f e ren t i a l , and  i n t e g r a l  cons t ra in t s .  Curve shape i s  important .  
Modern engineers s u b s t i t u t e  a  te rmina l  f o r  the  drawing board and polynomial 
sp l i nes  f o r  t h e i r  mechanical predecessors. Many o f  them cons t ruc t  t h e i r  curves 
w i t h  B-spl ines and f i n d  deBoorLs FUNCTlOM  useful useful f o r  t h a t  purpose. A  method 
centered on BVALUE gives the  designer p rec i se  c o n t r o l  o f  the  f i t  o f  each curve t o  
po in t ,  d i f f e r e n t i a l  and i n t e g r a l  cons t ra in t s .  I t  a l s o  g ives h im good c o n t r o l  of  the  
shape o f  each curve and o f  the whole frame. 
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The fundamentals o f  B-spl ine cons t ruc t i on  a r e  we l l  described i n  the  
l i t e r a t u r e .  They were f i r s t  app l i ed  t o  design by Gordon and ~ i e s e n f e l d ~ .  Th i s  
a r t i c l e  presents an extension o f  the  Gordon-Riesenfeld method us ing  BVALUE. The 
mo t i va t i on  i s  engineer ing design, i n  p a r t i c u l a r ,  curved sur face design. We use 
curves cons t ruc ted  w i t h  B-spl ines t o  c rea te  a w i r e  frame and then de f i ne  a 
mathematical sur face patchwise over t h a t  frame. The curves a re  open i n  the  sense 
o f  having f r e e  ends; however, one o r  more elements o f  t he  frame may be s e l f  i n t e r -  
sec t i ng  t o  c rea te  a surface t h a t  i s  a t  l e a s t  p a r t l y  closed. 
The sur face i t s e l f  may be d i v i s i b l e  i n t o  regions. W i th in  a region,  geodesics 
and l i n e s  o f  curva ture  may be requ i red  t o  be cont inuous which, i n  t u rn ,  imp l ies  
t h a t  the  patched sur face be a t  l e a s t  c3 .  The sur face c o n t i n u i t y  requirement i s  
, r e f l e c t e d  i n  the c o n t i n u i t y  o f  t he  s p l i n e  curves t h a t  make up the w i r e  frame; the 
curves must be a t  l e a s t  ~ 4 .  The boundaries o f  regions may be space curves; the 
remaining curves i n  the  designer 's  w i r e  frame a re  plane. 
The engineer ing surfaces o f  concern here must meet geometric c o n s t r a i n t s  and 
be f a i r .  Fairness impl ies no unwanted humps, hol lows, f l a t s  o r  saddles i n  the  
surface. 
Some p o i n t  and d i f f e r e n t i a l  c o n s t r a i n t s  a re -de f i ned  a t  reg iona l  boundaries. 
They may be known a p r i o r i  o r  they may be determined du r ing  cons t ruc t ion .  For 
example, the  locus o f  a p o i n t  on the  boundary may be def ined e a r l y ,  bu t  t he  exact  
d i s t r i b u t i o n  o f  sur face curvature along a boundary may be decided du r ing  the  design 
process and may be in f luenced by o ther  cons t ra in t s .  
Data f o r  the sur face may n o t  be known d i r e c t l y .  They a r e  more l i k e l y  t o  be 
known i n d i r e c t l y  as cons t ra in t s  and boundary cond i t i ons  on a frame t h a t  supports 
the surface. We apply these data t o  cons t ruc t  the  elements o f  the  w i r e  frame, 
one by one. 
The designer f i r s t  cons t ruc ts  the boundary curves o f  a region. Each boundary 
curve meets po in t ,  tangent vec tor ,  curva ture  and poss ib l y  t o r s i o n  cond i t i ons  a t  i t s  
ends. Po in t  cons t ra in t s  may a l s o  be imposed along the  a r c  o f  the  curve. I f  the  
boundary curve i s  p lanar ,  then an area bounded p a r t i a l l y  by the  curve  may be spec i f i ed .  
F i n a l l y ,  good d i s t r i b u t i o n s  o f  cu rva tu re  and t o r s i o n  a long boundary curves a r e  
important i f  the  surface which they support i s  t o  be f a i r .  
The plane curves o f  the  w i r e  frame a re  designed nex t ,  one by one. They def ine 
the i n t e r i o r  o f  the reg ion  and a r e  labe led  s- and t -curves.  We emphasize t h a t  the  
i n i t i a l  data requ i re  a cons t ruc t i ve  approach and t h a t  they a r e  taken l i n e  by l i n e .  
We have no t  found an automatic o r  wholesale method f o r  s a t i s f y i n g  the  data t h a t  
guide engineer ing surfaces. For example, t h e  s-curves may be plane cross sec t ions  
o f  an a i r  in take duct which has a prescr ibed d i s t r i b u t i o n  o f  area along i t s  f l o w  
axis .  We can form each o f  the s-curves t o  s a t i s f y  the  l o c a l  area requirement, bu t  
we can do so on ly  one a t  a time. 
Some geometric cons t ra in t s  must be met p r e c i s e l y  on each s- and t -curve .  An 
elementary bu t  sharp example i s  the i n t e r s e c t i o n  o f  an s-curve w i t h  a t -curve .  
Measurable e r r o r  i n  each o f  the x-y-z coord ina tes  i s  a l lowed a t  the  nominal i n t e r -  
sect ion.  The amount al lowed i s  a f f e c t e d  by manufactur ing to le rance and i s  l i k e l y  
t o  be small when compared t o  the dimensions o f  the cross sec t ion .  The designer  
needs a curve cons t ruc t ion  method t h a t  g i ves  him p rec i se  c o n t r o l  o f  the  l o c i  o f  the 
two curves a t  t h e i r  nominal i n t e r s e c t i o n ,  w i t h i n  a to le rance,  and w i thou t  d i s t u r b i n g  
the p o s i t i o n s  o f  e i t h e r  curve a t  neighbor ing mesh po in t s .  
The curvature a t  the  end o f  a wire-frame element con t ras ts  w i t h  p o i n t  
cons t ra in t s  along i t s  arc.  The curva ture  o f  one s-curve a t  a reg iona l  boundary 
i s  a f f e c t e d  by two wire-frame considerat ions.  F i r s t ,  i t  must be s i m i l a r  t o  t h e  
end curvatures o f  i t s  neighbor ing s-curves. Second, the  curva ture  a t  one end o f  
a wire-frame element in f luences shape over much o f  the a r c  o f  t h a t  element. 
The demand f o r  a f a i r  sur face poses a dilemma. We do n o t  know o f  a design 
method t h a t  guarantees a m u l t i - c o n s t r a i n t  sur face which has no unwanted humps, 
hol lows, f l a t s  o r  saddles. We do not  know how t o  p resc r ibe  c o n s t r a i n t s  and 
boundary cond i t ions  t h a t  a re  guaranteed n o t  t o  c o n f l i c t  w i t h  each o the r  i n  the  sense 
o f  fa i rness .  Lacking such guidance, we r e t r e a t  t o  i n t e r a c t i v e  design. We f a i r  
graphs o f  the boundary de r i va t i ves ,  we f a i r  the  graph o f  c ross-sec t ion  areas, and 
we f a i r  each s- and t-curve. Fairness i n  a plane curve imp l i es  the  absence o f  
unwanted i n f l e c t i o n s .  Fur ther ,  i t  means a good shape o r  a good d i s t r i b u t i o n  o f  
curvature;  i t  i s  l a r g e l y  sub jec t ive .  The fa i rness  o f  a graph o f  boundary de r i va -  
t i v e s  i s  a l so  sub jec t ive .  
The main goal o f  t h i s  a r t i c l e  i s  t o  descr ibe the methods t h a t  we have developed 
f o r  wire-frame design. The p r i n c i p a l  t o o l s  f o r  con t ro l  o f  a curve du r ing  i n t e r -  
a c t i v e  design are mathematical ducks. The s implest  o f  these devices i s  an analog 
o f  the draftsman's lead weight t h a t  he uses t o  c o n t r o l  a  mechanical sp l ine .  We 
a l so  c rea te  ducks f o r  c o n t r o l l i n g  d i f f e r e n t i a l  and i n t e g r a l  p r o p e r t i e s  o f  curves. 
Other methods presented inc lude:  
- cons t ruc t i ng  the  end o f  a Bgzier polygon t o  gain qu i ck  
and reasonably con f i den t  c o n t r o l  o f  the  end tangent vec to r ,  
end curvature and end t o r s i o n  
- keeping the  magnitude o f  unwanted curva ture  o s c i l l a t i o n s  
w i t h i n  to lerance 
- cons t ruc t i ng  the  r a i l r o a d  curves t h a t  appear i n  many 
engineering design problems 
- c o n t r o l l i n g  the  frame t o  minimize e r r o r s  a t  mesh p o i n t s  
and t o  op t im ize  the  shapes o f  the  curve elements 
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